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Abstract. We show that the angular directions locally measured by a static geodesic observer
in a generic cosmological background and expressed in the system of Fermi Normal Coordi-
nates always coincide with those expressed in the Geodesic-Light-Cone (GLC) gauge, up to
a local transformation which exploits the residual gauge freedom of the GLC coordinates.
This is not the case for other gauges – like, for instance, the synchronous and longitudinal
gauge – commonly used in the context of observational cosmology. We also make an explicit
proposal for the GLC gauge-fixing condition that ensures a full identification of its angles
with the observational ones.
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1 Introduction
One of the most important problems, when comparing theory with observational results, is to
correctly identify the observed quantities with the mathematical variables used to formulate
the theoretical predictions. In this paper we discuss this problem for the case of the angular
variables appearing in all models concerning – for instance – a precise description of light
propagation in perturbed cosmological backgrounds.
We shall assume, as usual, that the angles directly related to local observations are
those measured by a free-falling observer, and we will identify such angles with those of
the so-called system of Fermi Normal Coordinates (FNC) [1, 2]. In that system, indeed, the
spacetime metric is locally flat around all points of a given worldline, with corrections starting
at quadratic order in the distance from the wordline and weighted by the components of the
Riemann tensor (see e.g. [3] for a recent discussion).
Choosing in particular the worldline of a static geodesic observer, at rest in the so-called
comoving frame, as the typical representation of a reference cosmic observer1, we will show
that the angular directions of the corresponding FNC system can always be made to coincide
with those of the so-called Geodesic-Light-Cone (GLC) gauge [4], modulo a redefinition that
exploits the residual gauge freedom of the GLC coordinates. Such an identification of the
angular coordinates with those of the FNC system turns out to be impossible in general in
other gauges, like (for instance) the synchronous gauge.
The above results will be discussed for a general class of (inhomogeneous, anisotropic)
cosmological backgrounds, and then illustrated for the particular example of a Bianchi-I
type geometry. Such results are new to the best of our knowledge, and provide, in our
opinion, additional (important) motivations supporting the use of GLC coordinates for the
computation of the relevant cosmological observables. We may recall, in particular, that
both the red-shift [4] and the Jacobi map [5] (hence, luminosity and angular distance) take
a particularly simple form in these coordinates.
In Sec. 2 we show that FNC and synchronous-gauge angles cannot be made to coincide
for a generic metric, and illustrate this result in the case of a Bianchi I (anisotropic) geometry.
1This is not an absolute necessity but can be seen as the most useful convention to be used in order to
compare calculations made in different coordinate systems. These should agree if one computes the same
physical observable as measured by the same physical observer. One of us (GV) would like to thank Misao
Sasaki for a discussion on this issue.
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In Sec. 3 we compare angles in the FNC and GLC gauge to lowest order in the distance from
the observer’s geodetic and show that, unlike in the previous case, the identification is always
possible by exploiting the residual gauge freedom of the GLC coordinates. The connection
is explicitly worked out in the case of a Bianchi-I metric. In Sec. 4 we summarize our main
results, and propose a necessary and sufficient criterion for defining, within the GLC metric,
a full observational gauge in which both time and angles agree with those of the FNC system.
Finally, in the Appendix we show how the considerations of Sec. 3 can be extended to next
order in the distance from the observer’s geodesic, while remaining all the time in the GLC
gauge.
2 Angular directions in the Fermi and synchronous gauge
Let us consider the class of cosmological geometries which can be described, in the syn-
chronous gauge (SG) and in Cartesian coordinates xµ = (t, xi), by six arbitrary degrees of
freedom parametrized by the metric
g00 = −1, g0i = 0, gij = gij(t, ~x). (2.1)
Let us consider a static geodesic observer located at the origin xi = 0, with four-velocity
uα = (1,~0), and let us call x′α = (t′, x′A) the FNC system centered around the worldline
of such a free-falling observer (for convenience, we will denote with capital Latin indices,
A,B = 1, 2, 3, the spatial components of the Fermi coordinates).
In the FNC system the metric is flat, up to corrections which are of second order in the
spatial distance from the central geodesic [1–3]. Choosing the x′α coordinates in such a way
that the geodesic is located at x′A = 0, we can expand the FNC metric as
g′αβ(x
′) = ηαβ + fαAβB(t′)x′Ax′B + · · · , (2.2)
where ηαβ is the Minkowski metric. The coefficients fαAβB depend on the second derivatives
of the metric, and are related to the components of the Riemann tensor in Fermi coordinates,
R′µναβ(x
′), evaluated at x′A = 0 [1–3], by2:
f0A0B =
(
R′0A0B
)
x′A=0 ; f0ACB =
2
3
(
R′0ACB
)
x′A=0 ; fCADB =
1
3
(
R′CADB
)
x′A=0 . (2.3)
The corresponding coordinate transformation xµ → x′α, connecting the synchronous and
FNC system, can then be expanded around the geodesic as follows:
t′ = α(t) + βk(t)xk + γkl(t)xkxl + · · · , x′A = αA k(t)xk + βA kl(t)xkxl + · · · . (2.4)
In the same limit (xi, x′A → 0) it is also convenient to expand the spatial part of the general
synchronous metric (2.1), up to second order, as
gij(t, x) = Aij(t) +Bijk(t)x
k + Cijkl(t)x
kxl + · · · , (2.5)
The time-dependent coefficients appearing in the transformation equation (2.4) can now
be determined starting with the given metric (2.1) and applying the covariant transformation
rules of the metric tensor, written in the form
gµν(x) =
∂x′α
∂xµ
∂x′β
∂xν
g′αβ(x
′). (2.6)
2We are using the metric and curvature conventions of [2].
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For additional checks we can also conveniently use the transformation of the Christoffel
connection, given in general by:
∂x′α
∂xµ
∂x′β
∂xν
Γ′αβ
ρ(x′) =
∂x′ρ
∂xλ
Γµν
λ(x)− ∂
2x′ρ
∂xµ∂xν
. (2.7)
Expanding around the geodesic we can indeed exploit the properties of the FNC system,
which imposes Γ′αβ
ρ(x′) = 0 at x′A = 0.
Let us first consider the component (0, 0) of Eq. (2.6). By imposing that the metric
transformation rule is satisfied up to the zeroth order and to the first order in x we obtain,
respectively, the conditions:
α˙2 = 1, β˙k = 0 (2.8)
(a dot denotes a derivative with respect to t). Similarly, from the (0, i) components evaluated
up to the zeroth and to the first order in x, we get, respectively:
βk = 0, 2γij = δAB α˙
A
i α
B
j . (2.9)
Let us finally consider the (i, j) components of Eq. (2.6), using the above result for βk.
The zeroth order in x gives the condition
Aij = δAB α
A
i α
B
j . (2.10)
This latter equation tells us that the αA i can be thought of as “triads” (the analog in three
dimensions of the tetrads) for the zero-order metric Aij . Assuming the latter to be non-
degenerate, Eq. (2.10) fixes the coefficient αA i modulo a (possibly time-dependent) rotation
of the form
αA i → α˜A i = CA B αB i, (2.11)
where the matrix CA B satisfies the orthogonality condition
δAB C
A
C C
B
D = δCD (2.12)
(namely, CTC = I). In addition, the (i, j) components of Eq. (2.6), to the first order in x,
give the condition
Bijm = δAB
(
αA i β
B
jm + α
A
j β
B
im
)
. (2.13)
From Eq. (2.8) we easily obtain α(t) = t, modulo a sign and an unimportant additive
constant. The time derivative of Eq. (2.10), combined with (2.9), gives A˙ij = 4γij . We can
thus rewrite the coordinate transformation (2.4) in more explicit form as follows,
t′ = t+
1
4
A˙kl(t)x
kxl + · · · , x′A = αA k(t)xk + βA kl(t)xkxl + · · · , (2.14)
where αA k satisfies Eq. (2.10), and where β
A
kl is fixed in terms of α
A
k and of the first-order
metric coefficient Bijm, according to the following solution of Eq. (2.13):
βA jm =
1
2
αAk(Bkjm +Bkmj −Bjmk), αAk ≡ αA mAmk; AmkAkn = δmn . (2.15)
The above results are enough for the purpose of this paper, aiming at comparing the an-
gular directions, locally defined in the FNC system around the wordline of the static geodesic
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observer, with the corresponding local directions defined in a different system of coordinates
(the synchronous one, for the particular case at hand). The problem can be formulated as
follows: given the definition of radial coordinate and angles around the observer’s geodesic
in the FNC system, such that
x′A = r′(sin θ′ cosφ′, sin θ′ sinφ′, cos θ′) , (2.16)
can we define a suitable coordinate transformation within the SG such that its angular
variables can be identified with those of Eq. (2.16)?
We claim that, in general, this is not possible. The crucial point here is that, because of
Eq. (2.10), the relation between FNC and SG coordinates depends explicitly on time if Aij
does, and therefore the would be coordinate transformation (which, in order to preserve the
SG, should be a spatial diffeomorphism, see e.g. [6]) cannot define SG angles that coincide
with those of the FNC system at all times. Indeed, this spatial diffeomorphism should have
the form:
xi = xi(r, θ, φ) , (2.17)
and the only possibility to identify θ and φ with θ′ and φ′ at all times seems to be the one
offered by a FLRW homogeneous and isotropic metric, since in that case we can attribute
all the time dependence in (2.14) to the relation between r′ and r, while keeping the angles
identified at all times. In order to check this, we can simply use the standard definition of
polar coordinates:
xi = r(sin θ cosφ, sin θ sinφ, cos θ) , (2.18)
and bring the FLRW metric to its well known SG form:
ds2 = −dt2 + a(t)2
(
dr2
1− kr2 + r
2dΩ2
)
. (2.19)
Note that the spatial curvature parameter (k = 0,±1) can be safely neglected around the
r = 0 geodesic. One can then check that the above SG metric goes into the FNC metric (up
to O(r′2) corrections) with the identifications
r′ = a(t)r ; θ′ = θ ; φ′ = φ ; t′ = t+
1
2
aa˙ r2 , (2.20)
where the last relation between t and t′ is nothing but the transformation of the time coor-
dinates given by Eqs. (2.14).
Note that we are not invoking a transformation involving r as in (2.20), which would
take us out of the SG: the needed residual gauge transformation is just (2.18).
It is relatively easy to see that such a procedure already fails to work in the (slightly
more general) case of an anisotropic Bianchi I-type cosmology, described in the synchronous
gauge by the metric gij = Aij = a
2
i (t)δij (no sum over i). In such a case the general solution
of Eq. (2.10) gives αA j(t) = C
A
j aj(t) (no sum over j), where C
A
j are time-dependent
coefficients satisfying Eq. (2.12), and the coordinate transformation (2.14) becomes
x′A =
∑
k
CA k (akx
k) + · · · (2.21)
It is obvious that, unlike in the previous case, it is not possible now to introduce SG angular
variables such that the r.h.s. of (2.21) takes the standard form (2.18) up to a suitable
– 4 –
definition of (a possibly time-dependent) r. The same considerations also apply to the so-
called longitudinal gauge of cosmological perturbation theory3.
Of course, at a given time, we can always perform a spatial reparametrization of the
synchronous coordinates, xi → x˜i(x) which can make the angles coincide, but only at that
chosen moment. Let us finally notice that the two sets of angles can also be made to coincide –
but, again, only at a given time – when a homogeneous and isotropic geometry is generalized
by including scalar and tensor metric perturbations, to linear order, in the synchronous
gauge. In that case, we can always make the linear inhomogeneities vanish at a given time,
by exploiting the residual gauge freedom of the synchronous coordinates [5]. This is also in
agreement with the results recently presented in [7].
3 Angular directions in the Fermi and GLC gauge
Let us now consider the class of cosmological geometries that can be described in terms of
the GLC coordinates yµ = (τ, w, θa), with a = 1, 2, by a metric of the form
gGLCττ = 0, g
GLC
τw = −Υ, gGLCτa = 0, (3.1)
gGLCww = Υ
2 + γabU
aU b, gGLCwa = −Ua, gGLCab = γab,
where Ua = γabUb, and γ
acγcb = δ
a
b (see e.g [4]). It is important to note that a geodesic
observer of this metric, with four-velocity uµ = −δτµ, exactly corresponds to a static geodesic
observer of the synchronous gauge [8] (specified, in our case, by the equation x′A = xi = 0.)
For the purpose of this paper it will be important to work in the so-called “temporal
gauge” of the GLC coordinates [9], where the past light-cones of a geodesic observer (i.e. the
null hypersurfaces w = const) are labelled by the reception time τ = τo of the associated
light signals. It follows that, in such a gauge, we can set τ = w along the observer’s geodesic,
and we can expand the distance from it in power series of (w− τ). It can be shown [9], also,
that the GLC metric can always be normalized in such a way that −(gτw)w=τ = Υw=τ = 1
along the geodesic worldline.
We thus expand the transformation from the GLC to the Fermi coordinates, yµ →
x′α(y), around the static geodesic and in the temporal gauge, as follows :
t′ = τ +M1(w, θ)(w − τ)2 + · · · ,
x′A = NA0 (w, θ)(w − τ) +
1
2
NA1 (w, θ)(w − τ)2 + · · · , (3.2)
where the positive quantity (w − τ) grows as one moves towards the past on a given light
cone. The absence of the first-order term in the t′ transformation is consistent with the
fact that the time τ coincides with the time coordinate t of the synchronous gauge [8], and
that – as shown in Sect. 2 – the Fermi time t′ differs from t only at quadratic order in the
distance from the geodesics. It also follows directly from imposing, on the geodesic, the GLC
condition gGLCww = Υ
2 + U2.
By also expanding in the limit τ → w the components of the GLC metric (3.1) we now
apply the covariant transformation rules of the metric tensor, which reads
gGLCµν (y) =
∂x′α
∂yµ
∂x′β
∂yν
g′αβ(x
′), (3.3)
3It is easy to show, for instance, that the longitudinal-gauge angles of a perturbed FLRW metric with
tensor and scalar perturbations cannot be made to coincide at all times with the FNC angles, without going
out of that gauge.
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where g′αβ(x
′) is the FNC metric (2.2). By imposing gGLCττ = 0, according to Eq. (3.1), we
then obtain the condition
δABN
A
0 N
B
0 = 1 (3.4)
to the zeroth order in (w − τ), and the condition
δABN
A
0 N
B
1 = −2M1 (3.5)
to the first order in (w−τ). By considering the transformation of gGLCτw = −Υ, and expanding
Υ as
Υ = 1 + Υ1(w, θ)(w − τ) + · · · , Υ1 ≡ −
(
∂Υ
∂τ
)
τ=w
, (3.6)
we find that the transformation rule is identically satisfied along the geodesics, while, to first
order in (w − τ), it gives the condition
2M1 = −Υ1. (3.7)
It is convenient, at this point, to choose our coordinate transformation (3.2) in such
a way that the two vectors NA0 and N
A
1 are proportional
4, i.e. NA1 = K(w, θ)N
A
0 . By
inserting this ansatz into Eq. (3.5), and using Eqs. (3.4), (3.7), we can immediately fix the
proportionality coefficient to obtain
NA1 = Υ1N
A
0 . (3.8)
As a consequence of this result (and of Eqs. (3.4), (3.7)), it can be easily checked that the
transformation rule (3.3) automatically satisfies the condition gGLCτa = 0 not only along the
geodesics, but also to first and second order in the (w − τ) expansion.
Let us now apply the transformation (3.3) to gGLCwa and g
GLC
ab . By expanding those
metric components along the geodesic, and using the previous results for NA0 , N
A
1 ,M1, one
finds that both Ua and γab are vanishing to the zeroth and first order in the (w−τ) expansion.
To second order they are non-vanishing, and can be expressed in term of the parameters NA0
as follows:
Ua = −
(
1
2
∂aΥ1 + δAB ∂wN
A
0 ∂aN
B
0
)
(w − τ)2 + · · · , (3.9)
γab = δAB ∂aN
A
0 ∂bN
B
0 (w − τ)2 + · · · , (3.10)
where ∂w = ∂/∂w and ∂a = ∂/∂θ
a. Finally, for gGLCww , using Eqs. (3.4) and (3.8) we simply
find:
gGLCww = δABN
A
0 N
B
0 + 2δABN
A
1 N
B
0 (w − τ) + · · · = 1 + 2Υ1(w − τ) + · · · (3.11)
which agrees, to this order, with the GLC condition gGLCww = Υ
2 + γabU
aU b.
Let us now show that, with an appropriate coordinate transformation allowed by the
residual freedom of the GLC gauge [5, 9, 10], we can always choose the parameters NA0 in
such a way that the angular coordinates of the GLC frame coincide, at all times, with those
determined by the angular directions measured by the Fermi geodesic observer as defined in
Eq. (2.16).
4Even if not explicitly assumed, the proportionality of NA0 and N
A
1 can be derived by combining the
previous results with the transformations of the controvariant components of the GLC metric tensor.
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In order to prove this assertion consider a (residual) gauge-fixing transformation yµ →
y˜µ(y) for the GLC coordinates of the particular form
τ˜ = τ, w˜ = w, θ˜a = θ˜a(w, θ), (3.12)
which still keeps us in the temporal gauge. Let us choose, in particular, the following trans-
formation:
θ1 → θ˜1(w, θ) = arccos{N30} ,
θ2 → θ˜2(w, θ) = arcsin
{
N20
[
1− (N30 )2
]−1/2}
, (3.13)
where, we recall, (N10 )
2 + (N20 )
2 + (N30 )
2 = 1 according to Eq. (3.4). By defining θ˜1 = θ˜ and
θ˜2 = φ˜ one immediately obtains that, after such a gauge fixing, the relation (3.2) takes the
explicit leading order form
x′A = NA0 (θ˜)(w − τ) + · · · ≡ (sin θ˜ cos φ˜, sin θ˜ sin φ˜, cos θ˜)(w − τ) + · · · , (3.14)
which, compared with (2.16), brings to the identifications r′ = (w − τ), θ′ = θ˜, φ′ = φ˜.
We can also check, for consistency, the behavior of the GLC metric around the geodesic
in terms of the new coordinates y˜µ defined by Eqs. (3.12) and (3.13)(see [10] for the derivation
of the whole set of gauge transformations). We then find that the component gGLCτw = −Υ
keeps unchanged under the given gauge transformation, so that Υ˜ = Υ = 1 + Υ1(w, θ˜)(w −
τ) + · · · . The metric components γab, on the contrary, are rescaled under the gauge fixing as
follows
γab → γ˜ab(w, θ˜) = γcd(w, θ) ∂θ
c
∂θ˜a
∂θd
∂θ˜b
. (3.15)
Hence, using Eqs. (3.10) and (3.13) we obtain (to leading order) the canonical form of the
line-element on the two-sphere,
γ˜ab(θ˜) = diag
(
1, sin2 θ˜
)
(w − τ)2 + · · · , (3.16)
consistently with the choice of the FNC frame as the appropriate “observational gauge”
[5, 9, 10]. Finally, by applying our gauge-fixing transformation to the metric component
gGLCwa , we have
Ua → U˜a(w, θ˜) = Ub ∂θ
b
∂θ˜a
− γbc ∂θ
b
∂w˜
∂θc
∂θ˜a
. (3.17)
By using the expansions (3.9), (3.10) for U and γ, and recalling that w˜ = w, ∂N i0/∂w˜ = 0,
we obtain, to leading order:
U˜a(w, θ˜) = −1
2
∂Υ1
∂θ˜a
(w − τ)2 + · · · . (3.18)
This completes the form of the GLC metric, expanded around the geodesic, and gauge-fixed
in such a way that its angular variables θ˜a coincide with those of the FNC system. In this
sense, ours can be seen as a concrete realization of the observational gauge5 whose existence
was discussed in [9].
5Note that the behavior of U˜a and γ˜ab in (3.16), (3.18) implies that the controvariant vector U˜
a does not
vanish along the geodesic. This is in agreement with the fact that setting Ua = 0 on the geodesic corresponds
to a different residual gauge fixing, the photocomoving gauge [9], in which the angular coordinates do not
coincide, in general, with the FNC ones.
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In order to illustrate the above results with a simple explicit example we may consider
again the case of a Bianchi I-type geometry, described in the synchronous gauge by the metric
gij = a
2
i (t)δij .
Let us first recall that the explicit transformation from the GLC to the synchronous
coordinates, yµ → xµ(y), for such a geometry has already been derived [9], in the exact form
and in the observational gauge, as follows:
t = τ,
xi = xi(τ, w, θ˜) = ai(w)N
i(θ˜)
∫ w
τ
dτ ′
a2i (τ
′)
[∑
k
a2k(w)
a2k(τ
′)
N2k (θ˜)
]−1/2
(3.19)
(no sum over i). The unit vector N i(θ˜), which specifies the propagation direction of a light
signal received at the origin by a static geodesic observer, takes exactly the same form as NA0
as a function of θ˜ in Eq. (3.14) (and obviously satisfies δijN
iN j = 1). By computing the
corresponding metric components in the GLC frame [9], and expanding the result around
the geodesic, we can then recover the leading terms in the typical form (3.6), (3.16), (3.18)
of the observational gauge, with
Υ1(w, θ˜) = −
∑
k
N2k (θ˜)Hk(w), (3.20)
where Hk = a˙k/ak.
Let us now recall that the transformation from the synchronous to the FNC system
is described by Eq. (2.14) where, for a Bianchi I-type geometry, we have A˙kl = 2a
2
kHkδkl,
βA kl = 0 and α
A
k = δ
A
k ak (no sum over k). Note that the rotational degrees of freedom,
possibly associated with the matrix CA B of Eq. (2.11), have already been fixed, in our
case, by the choice of the observational gauge when expressing the Bianchi metric in GLC
coordinates (according to Eq. (3.19)).
By expanding the transformation (3.19) and the scale factor ak(t) around the geodesic,
and inserting the results into Eq. (2.14), we can then reconstruct the transformation con-
necting the GLC and FNC metric representations of our Bianchi geometry. To leading order
we find
t′ = τ +
1
2
∑
k
N2k (θ˜)Hk(w) (w − τ)2 + · · · ,
x′A = NA(θ˜) (w − τ) + 1
2
NA(θ˜)Υ1(w, θ˜) (w − τ)2 + · · · , (3.21)
which exactly reproduces the transformation (3.2) with the following gauge-fixed coefficients:
NA0 = N
A(θ˜), NA1 = N
AΥ1, M1 = −Υ1/2, and with Υ1 specified by Eq. (3.20). The
(leading order) relation between the angular directions thus reduces to n′A = NA, and the
time dependence of the Bianchi metric fully disappears from this relation, Hence, unlike
the angular directions defined by the synchronous system of coordinates, those of the GLC
system can be safely identified with the angles measured by a static geodesic observer, and
not only for an isotropic geometry (as in the case of the synchronous gauge).
This implies, in particular, that the GLC coordinates can be conveniently used to com-
pute observable dynamical effects like – for instance – the redshift drift effect (see e.g. the
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detailed analysis presented in [4]), while the same computations performed in the synchronous
gauge cannot be directly compared with the observational data.
Our consistency checks can be extended to higher orders in the distance from the
geodesic. This exercise is carried out in detail, up to quadratic level, in the Appendix.
4 Summary and a claim
A simple way to summarize the results of this paper is that it completes the constructive
approach [9] to defining GLC coordinates by essentially completely gauge fixing them.
The residual gauge freedom w → w˜(w) can be fixed by requiring w along a given past
light cone to coincide with the proper time τ of the observer at the tip of the cone. This is
the temporal gauge discussed in [9]. Here we have shown that, thanks to the other residual
gauge freedom [5, 10], θa → θ˜a(w, θ), it is also possible to define the GLC angles along the
observer’s geodesic to be those of the Fermi coordinates along that same geodesic. The global
definition of the GLC angles then simply consists in saying that they are constant (modulo
the occurrence of caustics? See e.g. [11]) along the null rays lying on each light cone.
We would like now to the address the question (see [10]) of whether one can already
identify the observational (Fermi) angles by just working inside the GLC system, i.e. without
constructing, case by case, the corresponding Fermi coordinates. In this connection we may
note that Eq. (3.18) (omitting the tilde for simplicity of notation), rewritten as
∂τUa = ∂aΥ +O((w − τ)2), (4.1)
namely
Ua = −
∫ w
τ
∂aΥ(τ
′, w, θa)dτ ′ +O((w − τ)2), (4.2)
should provide, within the GLC, the necessary and sufficient condition for the above-mentioned
identification of the angular variables6.
In order to assess the validity of this claim we observe that, assuming Eq. (4.2), a
straightforward calculation allows us to rewrite the GLC metric, around the geodesic and in
terms of a new time parameter τ˜ , in the particularly simple form:
ds2 = −2dwdτ˜ + dw2 + γabdθadθb +O((w − τ)2)dw2,
τ˜ ≡ w −
∫ w
τ
Υ(τ ′, w, θa)dτ ′ , (4.3)
where we recognize in τ˜ just the expression of the Fermi time t′ as given by Eqs. (3.2), (3.6)
and (3.7), up to higher order curvature corrections.
Recalling now that, in an infinitesimal neighborhood of the geodesic (in practice at
distances much smaller than the curvature radius of the geometry), the metric is flat, we
conclude that γab, as a function of τ˜ , w, θ
a, must be equivalent (up to diffeomorphisms) to
the metric of a sphere of radius r′ = (w − τ˜) ∼ (w − τ), i.e.
γab = γˆab(w, θ
a)(w − τ)2 +O((w − τ)3) , (4.4)
6Note that Eq. (4.2) already implies that ∂wUa = −∂aΥ + O((w − τ)2). It therefore corresponds to just
two conditions, to be fulfilled via a residual gauge transformation in the GLC coordinates.
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with γˆab the metric of the unit sphere, possibly written in some complicated w-dependent
angular coordinates. But then, transforming it back to the standard form (3.16), would
induce a shift in Ua, thus contradicting (4.2). Since we have shown that (4.2) and (3.16)
can and should be simultaneously satisfied, we conclude that γab must already take the
form (3.16) modulo a global (i.e. w-independent) angular reparametrization. We thus claim
that Eq. (4.2) does indeed characterize the observational gauge within the GLC coordinate
system.
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A Second-order metric transformation and further consistency checks
In this Appendix we shall apply the transformation (3.3) up to the second order in the
distance from the geodesic, on all components of the GLC metric, extending in this way the
leading-order results already obtained in Sect. 3. As expected from Eqs. (2.2), (2.3), it will
be shown that the Riemann corrections must be included into the second-order computations,
and play a crucial role for the consistency of the transformation between the GLC and FNC
system and the related identification of their angular variables.
Let us start with the appropriate higher-order generalization of the coordinate trans-
formation (3.2), which we write in the form
t′ = τ +M1(w − τ)2 +M2(w, θ) (w − τ)3,
x′A = NA0 (w − τ) +
1
2
NA1 (w − τ)2 +
1
6
NA2 (w, θ) (w − τ)3, (A.1)
where the functions M1 and N
A
1 are those already determined in Sect. 3. Also, let us first
consider the case of the observational gauge, withNA0 = N
A
0 (θ) = (sin θ cosφ, sin θ sinφ, cos θ)
(for the sake of simplicity, we shall omit the tilde on the angular variables). Finally, let us
denote with fαβ the second-order contributions to the transformation (3.3) arising from the
curvature corrections intrinsic to the Fermi metric, and define fαβ ≡ fαAβBNA0 NB0 . One
then obtains, from Eq. (2.3),
f00 =
(
R′0A0BN
A
0 N
B
0
)
w=τ
, f0C =
2
3
(
R′0ACBN
A
0 N
B
0
)
w=τ
, fCD =
1
3
(
R′CADBN
A
0 N
B
0
)
w=τ
.
(A.2)
By applying Eq. (A.1) to the metric transformation (3.3), and using the symmetry
properties of the Riemann tensor (in particular, Rµναβ = R[µν][αβ]), we then find that the
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condition gGLCττ = 0 implies that the higher-order coefficients M2, N
A
2 must be related by
6M2 = −
(
f00 + δABN
A
0 N
B
2
)
. (A.3)
Similarly, by expanding to second order Y as
Υ = 1 + Υ1(w, θ)(w − τ) + Υ2(w, θ)(w − τ)2 + · · · (A.4)
the computation of gGLCτw leads to the condition
Υ2 = 3M2 + δABN
A
0 N
B
2 . (A.5)
Let us then compute the component gGLCww , up to second order, in the observational gauge.
We obtain
gGLCww = 1 + 2Υ1(w − τ) +
(
δABN
A
0 N
B
2 + ∂wΥ1
)
(w − τ)2 + · · · . (A.6)
A generic GLC metric, on the other hand, must satisfy the condition gGLCww = Υ
2 + γabUaUb
(see Eq. (3.1)). By using the form (3.16), (3.18) of the metric components in the observational
gauge we can expand U2 up to second order as
U2 ≡ γabUaUb = 1
4
γab0 ∂aΥ1∂bΥ1(w − τ)2 + · · · , (A.7)
where γab0 is simply the inverse of the diagonal metric coefficient γ
0
ab = diag(1, sin
2 θ) appear-
ing in Eq. (3.16). Hence, by using for Υ the expansion (A.4), and comparing with the result
(A.6), we find that the condition gGLCww = Υ
2 + U2 is satisfied up to second order provided
that
Υ21 + 2Υ2 +
1
4
γab0 ∂aΥ1∂bΥ1 = δABN
A
0 N
B
2 + ∂wΥ1. (A.8)
Using Eq. (A.5) for δABN
A
0 N
B
2 and eliminating M2 through Eq. (A.3) the above condition
reduces to
f00 = Υ
2
1 +
1
4
γab0 ∂aΥ1∂bΥ1 − ∂wΥ1. (A.9)
In order to check the internal consistency of such condition let us now compute the
curvature contributions f00 for a geometry described by a generic GLC metric (3.1). Let us
start with the definition (A.2) of f00, and express the Riemann tensor R
′
µναβ(x
′) in terms of
the corresponding GLC components, Rµναβ(y), through the coordinate transformation (A.1).
We obtain, on the geodesic,
f00 =
(
R′0A0BN
A
0 N
B
0
)
w=τ
=
(
Rαµβν∂αt
′∂µx′A∂βt′∂νx′B
)
w=τ
N0AN0B, (A.10)
so that, by applying the transformation (A.1) and the normalization (3.4),
f00 = (R
τµτν)w=τ
(
δτµ − δwµ
)
(δτν − δwν ) = (Rτwτw)w=τ =
(
gταgwµgτβgwνRαµβν
)
w=τ
=
(
Rwτwτ + 2RwτaτU
a +RaτbτU
aU b
)
w=τ
. (A.11)
An explicit computation for the metric (3.1) then shows that the last two terms – on the
geodesic and in the observational gauge – are identically vanishing, while the first term gives,
as the only nonzero contribution,
f00 = (Rwτwτ )w=τ = (gταRwτw
α)w=τ = (−ΥRwτw w)w=τ = (Υ∂τΓww w)w=τ , (A.12)
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where
Γww
w = ∂τΥ +
∂wΥ
Υ
+
1
2
∂τU
2
Υ
(A.13)
(see e.g. [12] for an explicit computation of the Christoffel connection for the GLC metric).
We thus obtain the curvature contribution
f00 = (Υ∂τΓww
w)w=τ = Υ
2
1 +
1
4
γab0 ∂aΥ1∂bΥ1 − ∂wΥ1, (A.14)
and comparing the above result with eq. (A.9) we may conclude that the condition gGLCww =
Υ2+U2 is always satisfied up to second order, in the observational gauge, for any given GLC
metric.
The same consistency check can be performed even outside the observational gauge,
considering a generic parametrization with NA0 = N
A
0 (w, θ). In that case, in the computation
of gGLCww we obtain additional second-order contributions from the more general form of U
a
(see Eq. (3.10)), but there are also new metric contributions to the Christoffel connection
and to the components of the Riemann tensor. It can be checked that, when both types of
contributions are correctly included, they exactly cancel each other, and the condition gGLCww =
Υ2 + U2 keeps to be satisfied, to the second order around the geodesic, quite independently
of the gauge fixing prescription.
Let us conclude this Appendix with the explicit example of the Bianchi I-type geometry,
which can be expressed in GLC coordinates and in the observational gauge, as discussed in
[9], with NA0 = δ
A
i N
i(θ) and with Υ1(w, θ) given by Eq. (3.20) (see also Sect. 3).
To check the validity of Eq. (A.9) for such a geometry let us start with the curvature
contribution f00, and let us express the Fermi components of the Riemann tensor, R
′
µναβ(x
′),
in terms of its synchronous-gauge components, related to the Fermi ones by the coordinate
transformation (2.14). As discussed in Sects. 2, 3, the coefficients αAk appearing in Eq. (2.14)
for the Bianchi I geometry are given by αAk = δ
A
k ak(t) (no sum over k). It follows that, on
the geodesic, ∂t′/∂t = 1, ∂x′A/∂xi = δAi ai, and we obtain
f00 =
(
R′0A0BN
A
0 N
B
0
)
x′A=0 = δ
i
Aa
−1
i δ
k
Ba
−1
k N
A
0 N
B
0 R0i0k =
∑
i,k
(
N i
ai
)(
Nk
ak
)
R0i0k, (A.15)
where R0i0k are the components Riemann tensor for the Bianchi geometry computed in
synchronous coordinates, i.e.
R0i0k = δika
2
k
(
H˙k +H
2
k
)
. (A.16)
The curvature contribution to Eq. (A.9) takes thus the form
f00 =
∑
k
N2k
[
H˙k(w) +H
2
k(w)
]
. (A.17)
Let us now compute the right-hand side of Eq. (A.9). By recalling that Υ1 is given by
Eq. (3.20) we have
− ∂wΥ1 =
∑
k
N2k H˙k, (A.18)
and
1
4
γab0 ∂aΥ1∂bΥ1 ≡ γab0
∑
k,j
Nk (∂aNk)Nj (∂bNj)HkHj . (A.19)
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On the other hand, by using the definition γ0ab = ∂aNk∂bNjδ
ij (see Eq. (3.10)), we have
γab0 ∂aNk∂bNj = δkj −NkNj , (A.20)
so that Eq. (A.19) can be rewritten as
1
4
γab0 ∂aΥ1∂bΥ1 =
∑
k
N2kH
2
k −
(∑
k
N2kHk
)∑
j
N2jHj
 ≡∑
k
N2kH
2
k −Υ21. (A.21)
Inserting this result, together with Eq. (A.18), into the right-hand side of Eq. (A.9) we can
exactly reproduce the curvature contribution (A.17), and thus satisfy the required condition
for the consistency of the GLC gauge.
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